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Abstract. We conjecture the existence of special elements in odd degree 
higher algebraic X-groups of number fields that are related in a precise way to 
the values at strictly negative integers of the derivatives of Artin L-functions 
of finite dimensional complex representations. We prove this conjecture in 
certain important cases and also provide other evidence (both theoretical and 
numerical) in its support. 



Introduction 

An important conjecture of Gross asserts, roughly speaking, that the leading 
term at any strictly negative integer of the Artin L-function of a finite dimensional 
complex representation should be equal, to within an undetermined algebraic fac- 
tor, to a regulator constructed from elements of the appropriate odd degree higher 
algebraic i^T-group. (Gross's Conjecture was first formulated in the late 1970s as a 
natural analogue of the seminal conjecture of Stark concerning the leading terms 
at zero of Artin L-functions but was only recently published in |22) and can by 
now be seen as a special case of the natural equivariant refinement of Beilinson's 
general conjectures on the leading terms of L-functions.) It is well known that 
providing an explicit upper bound on the (absolute norm of the) denominator of 
the undetermined algebraic factor in Gross's Conjecture would make it much easier 
to obtain numerical evidence for the conjecture - see, for example, the discussion 
of Dummit in |181 §14] regarding problems that arise when conducting numerical 
investigations of Stark's Conjecture. Perhaps more importantly, it is also likely that 
such a bound could be used to give some much needed insight into arithmetic prop- 
erties of any possible non-abelian analogues of the cyclotomic and elliptic elements 
in higher algebraic i^T-theory that have been constructed by Beilinson, Deligne and 
Soule. However, apart from an important, but rather inexplicit, modification of the 
related Lichtenbaum- Gross Conjecture that was formulated by Chinburg, Kolster, 
Pappas and Snaith in [14j , and a similarly inexplicit refinement of the Lichtenbaum- 
Gross Conjecture that we recently learnt has been formulated by Nickel in [57], the 
present authors are not aware of any other predictions, let alone results, concerning 
this problem. 

In the current article we make a first step in this direction by investigating the 
possible existence of elements in odd degree higher algebraic JsT-groups of number 
fields that are related in a very explicit way to the values at strictly negative integers 
of the first derivatives of Artin L-functions. By developing a suggestion of the first 
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author in ^ Rem. 5.1.5], which was itself partly motivated by the results of Stark, 
Tate and Chinburg that are discussed by Tate in [34, Chap. Ill], we formulate a 
precise conjecture in this regard (see Conjecture 11.21 and Propositions I2.2f i) and 
12. 6p . It is straightforward to see that this conjecture refines Gross's Conjecture 
and in Theorem 13.11 we prove in addition that, in certain cases, it is implied by 
the modified Lichtenbaum-Gross Conjecture of TT, Conj. 6.12] and also that the 
elements it predicts should encode explicit information about the structure of even 
degree higher algebraic iiT-groups in a way that is strikingly parallel to the way 
in which cyclotomic units are known to encode information about the structure of 
ideal class groups (see Remark 13. 31) . Via this connection we are able to prove many 
cases of our conjecture for characters which factor through Abelian extensions of 
Q. For some cases of our conjecture that are not related to the Lichtenbaum-Gross 
Conjecture we provide (in f|5]) supporting numerical evidence for various types of 
representations including certain dihedral and tetrahedral representations and also 
those studied by Tate and Buhler [7] and Chinburg |13| . As a preliminary step 
to describing this evidence, which we believe may itself be of some independent 
interest, in Theorem 14.11 we make precise the relation between a version of the 
(second) Bloch group and K3 of a field, and, if the field is a number field, the 
Beilinson regulator map. 

The first author would like to thank Dick Gross for important encouragement 
at an early stage of this project. It is also a pleasure to thank Andrew Booker and 
Xavier-Frangois Roblot for their help with aspects of the numerical computations 
that are described in SJH 

1. Statement of the conjecture 

1.1. Throughout this article we use the following general notation. 

We fix an algebraic closure Q'^ of Q and for any Galois extension of fields F/ E we 
set Gp/E ■= Gb1{F/E). For each non-zero integer a and number field F we write 
Ha{F) for the finite module H'^{Gqo/p,Q/Z{a)) where (Q/Z(a) denotes the group 
Q/Z regarded as a GQc/Q-module by setting g{x) := Xcyc{g)"'x for all g e Gqc /q 
and X £ Q/Z where Xcyc is the cyclotomic character. We also set WaiF) := |/ia(i^)| 
and R(a) := (27ri)°]R. 

For any abelian group A we write Atoi for its torsion subgroup. Unadorned 
tensor products are to be regarded as taken in the category of abelian groups. 

1.2. To state our conjecture we fix a finite Galois extension of number fields F/k 
and a finite set of places of fc containing the set of all archimedean places. 
We also fix an irreducible finite dimensional complex character x of G := Gp/k a-nd 
a subfield ii^ of C that is both Galois and of finite degree over Q and over which 
X can be realised. We write x for the contragredient of x a-^d for the primitive 
central idempotent x(l)|G|~^ Sc/eG^(ff)5 °f ^[^]- We set T := Gp/q and write O 
for the ring of integers in E. For any G-module M we write the natural semi-linear 
action of F on i5 (g) M as (7, x) x'^ (so x'^ — 7(e) ^ m ii x ~ e ^ m with e E E 
and m e M). 

We fix a strictly negative integer r and for any field L we write the higher 
algebraic if-group Ki^2r{L) additively. We consider the composite homomorphism 



(1.1) regi_^ : Ki_2r{^) i7^(Spec(C), M(l - r)) = C/M(l - r) 4 M(-r) 
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where the first arrow is the Beihnson regulator map and the second is the iso- 
morphism induced by the decomposition C = M(l — r) E(— r). We let r be the 
non-trivial element in Gc/r and use the same symbol to denote the induced invo- 
lution on Ki^2r{C). We recall that reg;^_^ o r = (— l)''regi_^. We note that the 
index 1 — r corresponds to the only Adams weight in algebraic iiT-theory on which 
reg]^_^ is non-trivial. In particular reg]^_^ is trivial on the image in _fi'i_2r(C) of 
the Milnor A'-group Kf^2r{'^) since this has weight 1 — 2r. 

We regard the set J^p oi embeddings — > C as a left G x Gc/R-module by 
setting (g x w)((t) — uj o a o g^^ for each g <E G,uj £ Gc/e and e S^?. For each 
cr e Si? we write reg^_^^ : O ® Ki^2r{F) — > C for the O-hnear map sending each 
X with e e O and x £ Ki^2r{F) to e • reg]^_^(cr(a;)), where a also denotes the 
induced homomorphism Ki-2riF) — > Ki-2riC). We write To- for the generator of 
the decomposition subgroup D„ in G of the place of F that corresponds to cr. 

For each 7 in F we write L'g(r, x^) for the value at s = r of the first derivative 
of the S'-truncated Artin L-function Ls(s,x^) of ■ In case 5* = 6*00 we often 
abbreviate Ls{s,x^) and L'g{r,x^) to L{s,x^) aiid L'{r,x^) respectively. Finally 
we set Wr{x) '■= wi-riF^"^^'''^)'^'' ''^"^ for any 7 e F, and we note that this number 
is indeed independent of the choice of 7. 

We can now state the central conjecture of this article. 

Conjecture 1.2. Assume that L{r,x) — 0. For each a in Y^p there exists an 
element ea{x, S) of O ® Ki^2r{F) with the following property: for all a' € T,p and 
all ^ £ T one has 

(1.3) (27r*)'-regi_,,,,(e,(x,^)^) = wAxH^, ,.)L's{r,x'') 

with 

xid) + {^^Yx{9'''cr) if (^{k) C M and a' = .g(cr) for some g E G, 
x{g) if a{k) ^ K and a' ~ g{cr) for some g £ G, 

(—lYxig) if cr(fc) ^ M and a' ~ t o g[a) for some g £ G, 

otherwise. 

1.3. We make several straightforward remarks about Conjecture 11.21 
Remark 1.4. 

(i) If Conjecture 11.21 holds for cr and x, then it holds for a and for any (5 in F 
with e,{x^S)^e^{x,SY. 

(ii) If Conjecture 11.21 holds for cr and Xi then it holds for r o cr and x with 
eTo<T(x,S') = (-l)''e^(x,S'). 

(iii) If Conjecture II .21 holds for cr and Xi and h is in G, then it holds for h{a) and 
Xwithe,i(o-)(x, -S) = h{e^{x,S)). This is true because both reg^.^g./ (/i(ecr(x, S'))) = 
regi_r,,i-i(^')(eCT(x, S*)) and c^-i(^,) ,, = c^.^hia) (^i^ce t,,(^) = hr^h-^ if cr(fc) C R 
and X is a class function on G). 

(iv) Any element ecr{X:S) that satisfies (jl.Sp for all cr' and any fixed 7 is nec- 
essarily unique modulo O (g) Ki-2r{F)toT (see the proof of Proposition I2.1( iv)(a) 
below). 

Remark 1.5. If L'{r, x) = 0, then L'{r, x^) = for all 7 G F and so Conjecture ll.2l 
is interesting only if L{r,x) =87^ L'(r, x). By computing orders of vanishing via 
an explicit analysis of the Gamma factors and functional equation of L{s,x) (as 
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in [26l Chap. VII, §12]), one finds that this is the case in precisely the following 
situations: 

(i) k has exactly one complex place, x(l) = 1 and x(l) + {—IYx{'T(t') = for 
all cr' e T,p with a'{k) C K; 

(ii) k is totally real, x(l) + {—lYxi'^a) — 2 for some cr e Sf and x(l) + 
(-I)'-x(t.O = for aU d' G \ {g{a) : g G G}. 

In both of these situations x is also realisable over its character field Q(x)- Indeed, 
this is obvious in case (i) and in case (ii) can be shown as follows. For any a in 
T,p and any x, we let 6^,^ in Q(x)[G] denote the idempotent ^(1 + {—lYT„)e^ if 
cr{k) C M and the central idempotent otherwise. In case (ii) above we consider 
ea,x for the given a. Then the character of the (Q(x)[G]-module V := Q(x)[G]ecr.x 
is equal to mx for some natural number m and we must show m — I. But in 
C[G]ea,x — -^x(i)(*C) the idempotent e^.x identifies with a matrix of rank one (since 
x(l) + (-l)'-x(ra) = 2) andsox(l) = dimc(C[G]e,,;,) = dimc(C<^Q(^) y) = mx(l), 
as required. 

There are a small number of cases in which the elements predicted by Conjecture 
11.21 can be explained theoretically. 

If /c = Q then Remark ll.Sf ii) implies that L{r,x) ^ L'{r,x) if and only 
if x{Ta) = i-lY{2 - x(l)) for all a e Sf, which certainly holds if x(l) = 1 
and xiTcr) = i~^Y for all cr. In this case Proposition 12 . 1 T ii) below also allows us 
to assume that F is an Abelian extension of Q and so one can explicitly construct 
elements ecr(Xi ^) as in Conjecture 1 1 . 2 1 by using the cyclotomic elements in algebraic 
if -theory of Deligne et al. (see also the proof of Corollary 13.21 below) . 

If k is imaginary quadratic, then Remark ll.sr i) implies that L{r, x) = 7^ 
-^'(^)X) if and only if x(l) = 1 and in any such case Deninger has proved Gross's 
Conjecture (in [T71 Th. 3.1]). It seems likely that Deninger's methods can be used 
to directly construct the corresponding elements in Conjecture 11.21 both for any 

G 

such X and, when F is Galois over Q, also for the character Indg,^^'*(x) if this is 
irreducible. For example, interesting work in this direction (which does not however 
bound the denominators of the elements that arise) is described by Levin in 25j . 

In general, however, we are not aware of any theoretical constructions that can 
account for the existence of the elements ea{Xj S) in Conjecture 1 1 . 21 for other classes 
of characters x- In iSlwe will also see that, for certain sets S, these mysterious 
elements should encode information about the explicit module structure of even 
degree algebraic if-groups in a manner that is strikingly parallel to the way in 
which cyclotomic units encode structural information about ideal class groups (see 
Remark 13. 3p . 

2. Reductions and reformulations 

2.1. Conjecture 11.21 admits several useful reformulations that we shall describe 
below. We begin by recording some of its properties. Here we write ecr(x7'S') for 
the image in iJ (g) Ki-2r{F) of the conjectural element eaiXi S). 

Proposition 2.1. 

(i) It is enough to verify Conjecture with S — Soo ■ 

(ii) It is enough to verify Conjecture \1.2\ after replacing F by . 

(iii) It is enough to verify Conjecture when L'{r, x) 7^ ci^d, with E — Q(x)- 

(iv) Assume that Conjecture \l.S\ is valid for a in Tip- 
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(a) f-aiXj uniquely specified by the formulas in Conjecture 

(b) ea{x,S) = e^ea(x,S); if a{k) C M, then T„{e„{x, S)) = {-lYea{x,S). 

Proof. If Coniecture 11.21 is valid as stated, then for any w ^ 5 it is validated with 
5 replaced by S' = SU{v} by setting e<,(x, S') := detc(l - a^Ny-'' \ V^^)e4x, S) 
where w is any place of F above v, Gw and Iw are the decomposition and inertia 
subgroups of w in G, the Frobenius automorphism in Gw/Iw and sl C[G]- 
module of character x- (Here we use the fact that, since r < 0, the element 
dctc(l - cr^Nw-'' I y/™) belongs to O.) This proves claim (i). 

Claim (ii) is easily checked and the first assertion of (iii) is obvious since if 
L'{r,x) = 0, then L'{r,x^) = for all 7 e F and so Coniecture 11.21 is validated by 
setting ea-(XiS) := 0. Finally, it is clear that if Coniecture 11.21 is valid for a given 
field E, then it is valid for any larger such field and so the second claim of (iii) is 
true because L'{r,x) 7^ implies that x can be realised over Q(x) by Remark 11.51 

To prove claim (iv) we set laix^S)- We extend regj^_^ ^/ to a homo- 

morphism of i?-modules E (g) Ki^2riF) — > C in the natural way, write reg^i for 
{27TiYiegi_^ ^, and recall that Ho-'ieSf '^cr(fego./) vanishes (by Borel [5]). It is thus 
clear that is uniquely specified by (jl.3|) for all a' and with 7 equal to the trivial 
element, proving (iv)(a). For the same reason, to prove (iv)(b) it suffices to show 
that Teg^,{exea)= reg^,(e^) and, if cr{k) C M, that^^., (T^(e<x)) = (-l)''reg<^, (e„), 
for aU a'. But feg,,, (e^e^) = x(l)|G|"i E/«gg x(^)reg,,-i(<,,)(e<,) = reg^,(e^) where 
the last equality follows by combining the conjectural equality (jl.3l) (with 7 triv- 
ial) with the fact that x(l)|G|~^ S/ieG ^(^)x(^~^5) = xig) for all g & G, so that 
x(l)|G'r^ E/iggX(^)c^-i(o..),^ = c^',a- Moreover, if a{k) C M then one easily 
checks that c^_i^^,^ ^ = (— l)''c^, ^, and combining this with (|1.3p (with 7 trivial) 
we find that reg^,(T^(e„)) = reg^-i(^.)(e<T) = (~l)''reg> (e^.). □ 

In the next result we reformulate Conjecture 11.21 in a style reminiscent of the 
refinement of (a special case of) Stark's conjecture that is stated by Chinburg 
in [13]. Here we write Ve for the different of E/Q. 

Proposition 2.2. Let a he inY^p- 

(i) // Conjecture \1.2\ holds for a, then for each d in Tf^^ the element 

Trd(e,(x,5)) ■.^J2j{d)e,{x,Sy 

belongs to Ki^2r{F) and for all a' £ Y^p satisfies 
(2.3) (27rz)^regi_,^,,(Trrf(e.(x,^)))=w;.(x)E^('^)^(^^',-)^s(^'X^)- 

(ii) If for each d in there exists an element ad^aiXy^) of Ki^2r{F) such 
that (12. 3p holds with ad,a{XiS) in place of TTd{ea-{Xi S)), then Conjec- 
ture holds for a . 

Proof. To prove (i) we note Conjecture 11.21 implies that for every 7 in F one 
has 7(d)e,(x,5)^ S ® Ki^2r{F) and also (27rz)'-regi_,^,, (7(d)e,(x, 5)^) - 
u^r{x)l{d)j{c^i cr)L'g{r,x'). It is thus clear that Tid{ecr{x7 S)) satisfies (|2.3I) . In 
addition one has Tte/q{T>]^^) C Z and so 

Trd(e,(x, S)) = ^(&a(x, S)r G Tte/q{Ve') ® K,^2r{F) C Ki^2r{F), 
7er 
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as required. For claim (ii), let {dj}j be a Z-basis of 2?^ , {ej}j the dual Z-basis of 
O with respect to the trace pairing, and set ta-ix^ •= J2j o;dj,criXj S). If 7 is 
in r, then 

(2^^)^regl_,,,,(6.(x,5^) = ^.(x)E^fe)V(^^)V(^?',J^5(^'X^') 

7' j' 

= Wr{xhicl, ,^)L's{r, x^) 

because if F = {7^}^, then {'Jj{di)){ji{ej)) is the identity matrix, and the same 
holds for (7i (gj ) ) {jj {di)). □ 

2.2. In this subsection we give (in Proposition l2.6r ii)) a more concise reformulation 
of Conjecture 11.21 that requires some preliminaries. This reformulation will be 
particularly useful in Section [5] when we numerically verify Conjecture 11.21 in the 
case that S — Soo and L'g{r, x) 7^ 0. 

Claim (iii) of Proposition lOl implies that one only needs to consider the case that 
Ls{r,x) = ^ L'g{r,x)- Remark 11.51 specifies when this happens, and we let S^'^ 
denote the subset of T,p comprising the 2\G\ elements a with a(k) ^ M in case (i) 
of this remark, and comprising the \G\ elements a with x(l) + (^l)'^x(''"cr) — 2 
in case (ii). (Equivalently, one has cr ^ S^"*^ if and only if both a{k) C M and 
To- acts as multiplication by (—1)'"+^ in the representation underlying x-) Note 
that EJ'^ = for 7 in F. We recall that the idempotent eo-,x was defined in 

Remark 11.51 for any a in Yip. 

Lemma 2.4. Assume L'{r,x) = and L'{r,x) 7^ 0. 

(i) // either a or cr' is not in , then c^i ^ =0. 

(ii) For a in Yp, one has eo-,^ ~ ^ if o.'^^d only if cr ^ Yi'^p^ ■ 

(iii) If g is in G and a in Yp, then cj_^eo,x.9"^eo-^^ = ^^{cr),cr^<^.x- 

Proof. For claim (i) we note that c^, ^ 7^ implies that both a and cr' are in Y^p^ or 
neither are. If ct <^ S^'^ then a{k) C M, and c^, ^ = because of the definitions. For 
claim (ii) we note that eo-,x = from the definitions if cr ^ S^''-, and that e^^^ 7^ if 
cr S Y^p^: when cr(fc) ^ R this is obvious, and if cr(fc) C M then it follows by choosing 
an isomorphism Q{x)[G]e^ ~ M-^f^i^{Q{x)) such that 1 + {—1Yt„ corresponds to 
the diagonal matrix with entries 2, 0, . . . , on the diagonal. Claim (iii) for a in S^"^ 
follows from similar considerations using that ^ is equal to either 1 or 2, and for 
other cr is obvious from (ii). □ 

Remark 2.5. Lemma [2T4r i) refines Proposition l2.1l as it implies that Coniecture ll.2l 
holds (with ecr(x, iS*) — 0) when L'g{r,x) 7^ and a ^ Y'^p^. Considering also the 
first three parts of Remark 11.41 we see that verifying Conjecture 11.21 for a given 
X and any given embedding cr in E^'^ does so for all characters in the F-orbit 
{x"*^ ■ 7 € r} and for all embeddings cr in Yp. 

In the next result let Ki^2r{F)ti denote the image of Ki^2r{F) in 'Q®Ki^2r{F)- 
Then iegi_^ ,^, factorizes through the map O €5 Ki-2r{P) — > O (X" Ki^2r{P)tf and 
we use the same notation for the resulting map. 

Proposition 2.6. Let a be in Yp. Then the following statements are equivalent. 
(i) Coniecture \l.S\ holds for a. 
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(ii) There exists (3a{XiS) in O ® Ki-2r{F)tf E ® Ki-2r{F) that satisfies 
ea,xl^a{Xi S) — /3(t(Xi S) and, for all 7 in T , also 

Proof. That (i) implies (ii) can be seen from Proposition l2 . 1 f iv) fb) : we may simply 
set /3(j(x, S') := ea{x,S). For the converse, we note that Conjecture 11.21 always 
holds if L'g{r,x) = 0, or if L'g{r,x) ^ and a ^ Sp.^, so we assume that both 
L'g{r, x) ^ and a G Sj^. Then ^ is equal to either 1 or 2 and so it will suffice 
to show that 

(2.7) cl,Teg,_,^,,{Mx,Sr)^^{cl,jTeg,_,JMx^Sr) 

for all u' e Si? and all 7 € F, because then (II. 3p holds for any lift ea-{XiS) of 

Mx,S) ioO®Ki^2r{F). 

If cr' ^ S^"^, then c^, ^ = by Lemma [m^i). On the other hand, for 7 G F we 
have /3^(x, 5)'' = e^i I3„{x, S)'^ because Pa{x,S) = e^^Paix^S), and 

regi_,,,,(/3.(x, 5)^) = regi_,,,,(i±^):^/3.(x, 5)'') = regi_,,^,,(e.^;,-,/3.(x, 5)^) , 

which is trivial by Lemma l^^ ii) because S^'^ = E^-*^ , thus establishing (|2.7p for 
such a' . 

If now cr' g S^'^, then we distinguish three cases: (a) cr(fc) ^ M and a' = 
^((t) for some g in G; (b) (t(A;) 2 1^ a^^d cr' = r o g(cr) for some g in G; (c) 
CF{k) C K and a' — g{a) for some g in G. In case (a) Co-.^ is equal to the cen- 
tral idempotent e^, ^ — x(l) = li and for 7 e F we have g~^l3a-{Xi S)'^ — 
ex-9-^^x-'Mx,SV = 7(c^(,),J/3.(x,^)^ by Lemma [HJiii) . Now ^ follows 
because regi_^ g(g.)(/3o-(x, ■S')'') = regi_^^(.9~ Vo-(x, S')'')- Case (b) is dealt with 
similarly using the equalities regi_^^, = (-l)''regi_^ ^j^-, and c^, ,^ = (~l)''Cg(^)_^- 
In case (c) one has „ — 2 and the left hand side of \2.7} is equal to 

2regi_,,,(g-i/3^(x, 5)^) = regi_,,,((l + (-l)V„)g-i/3.(x, 5)^) . 

Using that g^'^ fi„{x, S)"^ = g^^ec^^-,(ia{x,S)^ = e^-ig^^Ca^x-' l^aix, S)'^ the cen- 
tral idempotent e^-i we see from Lemma E^Jiii) that p.7p again holds. □ 

2.3. We conclude this section with some more results of independent interest, 
which will also be used in the sequel. 

Lemma 2.8. If the irreducible character x is realisable over E, then the multiplic- 
ity of the corresponding representation in E ® Ki^2r{F) is equal to the order of 
vanishing of L{s, x) at s — r. 

Proof. For each integer m we define a (G x Gc/R)-module B„i :— 05^^ (27rj)^™Z, 
where G acts on Ep- in the way specified just before Conjecture 11.21 and Gc/k acts 
diagonally (on both Yip and (27ri)^''"Z). Then, according to Borel's theorem [5], 
the G-invariant pairing 

(2.9) Q«)B;:^^'* X Q(g)ifi_2r(i^) -^K 

that is induced by mapping each element {{2TiiYa, a) to (27ri)''reg]^_^(cr(a)) is non- 
degenerate. 

If we now extend coefficients to i?, then the non-degeneracy of p.9p implies that 
for any idempotent tt in E[G] one has duB.E{T^{E ® Ki-2r{F))) = dim£(7r(i5(g)i?j.)), 
where tt is the image of tt under the i^-linear anti-involution of E\G\ that inverts 
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elements of G. Finally we note that if vr = e^, so tt = e^, then the description of 
the Gamma factors and functional equation of L(s,x) (as in [261 Chap. VII, §12]) 
implies that x(l)~^dimB(7r(£' Br)) is equal to the vanishing order of L{s,x) a-t 
s = r. □ 

Remark 2.10. There are several ways in which the observations made above are 
useful when making numerical investigations of Conjecture 11.21 

(i) If Ls{r,x) = ^ L'g{r,x), then by Proposition dUIiv) (b) , e^(x, -S*) belongs 
to the O-sublattice e„^^{0 (g) Ki_2r{F)t{) oi E (i) Ki_2r{F). If a is in then 
this O-lattice has rank one by Lemma [Z!8l and the proof of Lemma [2^ ii). and this 
provides a very strong restriction on where one searches to find laiXi S). This also 
applies to l3cy{x,S) in Proposition 12.61 and implies that Pa-ix^S) is unique in this 
case. 

(ii) If r is even, then Proposition [5TTJii) and (the second part of) (iv)(b) combine 
to imply that the element e\Ki^2r{F^'^'^''^^)tor\£cr{X7 d) belongs to the image of 
Ki^2r{F^'''''^^°') in Ki-2r{F), where e £ {1,2} is the exponent of the Tate co- 
homology group H'^ (ker{x)F>a / ^^^{x) , Ki-2riF^'^'^^^^)) . This observation is useful 
because it can be computationally much easier to search for elements in Ki^2r{F') 
for proper subfields F' of F rather than in Ki^2r{F) itself. 

(iii) The first observation made in the proof of Lemma 12.81 implies that if F has 
signature [ri, r2], then the rank of Ki-2r{F) is equal to ri + r2 if r is even and to 
r2 if r is odd. This explicit (and well-known) formula will be useful in the sequel. 

Remark 2.11. It is clear that any commutator in Gqc /q acts trivially on fJ,a{F) = 
ff°(GQc/^, Q/Z(a)). Hence one has fiaiF) = fiaiEnQ""^), where Q'*'' is the maximal 
Abelian extension of Q. If a is even, then one sees similarly that Q'^^ may be 
replaced by its maximal totally real subfield. 

3. Theoretical evidence 

In this section we describe the connection between Conjecture [TT2] and the mod- 
ified Lichtenbaum- Gross Conjecture of Chinburg et al. [M] and thereby deduce the 
validity of Coniecture ll.2fi n some important special cases. We also show that the el- 
ements predicted by Conjecture 11.21 should encode information about the structure 
(as Galois modules) of certain even degree higher algebraic K-groups. 

3.1. We first state the main result of this section (which will be proved in ^3^. 

Theorem 3.1. We assume that S contains Soo and all places that ramify in 
F/k. We also assume that the modified Lichtenbaum- Gross Gonjecture (see Gon- 
iecture [XSI below) is valid for x- 

(i) Then Gonjecture \1.S\ is valid. 

(ii) Further, the element TTi{ea-{xT S)) '■— J2-yer ^"'i^' ^)'^ belongs to Ki^2r{F) 
and for all (p in HomG(i4ri_2r(^), ^[G]) one has 

M!^(Tri(e.(x,5))) G Ann^ic] (0 i?i(Spec(0;^^5[-]), ^^(1 - r))). 

Corollary 3.2. Fix k = Q and assume that x(l) = 1. 

(i) Then Gonjecture \l.Si is valid for any set S as in Theorem \3.1l 

(ii) The assertion of Theorem \ 3. lY ii) is also valid for any such set S. 
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Proof. In view of Theorem 13.11 Proposition I2.ir ii) and Remark I3.11( ii) below 
it is enough to recall that if F is an Abelian extension of Q, then the equi- 
variant Tamagawa number conjecture of [111 Conj. 4(iv)] is valid for the pair 
(/i.°(Spec(F))(r), Z[G]). Indeed, this case of the equivariant Tamagawa number 
conjecture is proved by Flach and the first author in 12, Cor. 1.2] (with correc- 
tions to the 2-primary part of the argument of loc. cit. recently provided by Flach 
in [20]). □ 

Remark 3.3. We write 0_f,s for the subring of F comprising elements that are 
integral at all places that do not lie above a place in S. Then it is conjectured 
by Quillen and Lichtenbaum that for all odd primes p the natural Chern class 
homomorphism Zp (g) K-2r{OF,s) — >■ ^^|t(Spec(C'F,s[^]), Zp(l — r)) is bijective. In 
the case r = — 1 this conjecture has been proved by Tate in [33]. (It is also known, 
by work of Suslin, that the Quillen-Lichtenbaum Conjecture is a consequence of a 
conjecture of Bloch and Kato relating Milnor fC-theory to etale cohomology and it 
is widely believed that recent fundamental work of Voevodsky and Rost has led to 
a proof of this conjecture of Bloch and Kato.) Whenever the conjecture of Quillen 
and Lichtenbaum is valid the module ^p^2 ^6ti^P^'^i^F.s[^])i'^p{^ — ^)) can be 
replaced by Z[i] (8) if_2r(CF,s) in the statement of Theorem 13. If ii). In the setting 
of Corollary 13.21 we thereby obtain a rather striking analogue of the result of Rubin 
in [301 Th. (2.2) and the following Remark] concerning the annihilation of ideal 
class groups in absolutely Abelian fields. 

Remark 3.4. We recently learnt Nickel has shown that for each strictly negative 
integer r the equivariant Tamagawa number conjecture for (/i°(Spec(F))(r), Z[G']) 
implies (via the reinterpretation given in (Sj Prop. 4.2.6]) that certain elements 
constructed from the leading term at s = r of truncated Artin L-functions should 
belong to Z[G] and annihilate 0p^2 ^lt(Spec(C'j.,5[^]), Zp(l - r)) (cf. [371 Th. 
4.1]). His prediction is however much less explicit than that given in Theorem 
I3.1f ii) above and it would be interesting to know if there is any direct link between 
them. 

3.2. In this subsection we discuss some necessary algebraic preliminaries. 

We fix G and x as in i jl.2l and. following Proposition 12 . 1 f iii) . we set E :— Q(x)- 
We write J2'j=i^^'^ fx ^"-"^ ^ decomposition of as a sum of mutually orthogonal 
indecomposable idempotents in -^[G]. We write O for the ring of algebraic integers 
in E and for each j we choose a maximal O-order 971^ in E[G] that contains 

For any character 'ip = x' , with 7 g F, we set := V'(1)|G|~"^ SgsG ''P{9)9 — i^xV 
and := {f{)'^ and define an O-torsion-free right 0[G]-module := f^iM^V = 
(/^9Jt-')^. The associated right £'[G]-module :— E (g)o has character '>p. For 
any (left) G-module M we define a module M^[ip] :— (g) M upon which each g 
in G acts on the left hy t (E) m 1-^ i.9~^ ® gim) for each t in and m in M. Then 
there is a natural isomorphism of (left) C'[G]-modules 



(3.5) = Homo (T^^* ,0(g,M) 

where G acts in the usual (diagonal) manner on the Hom-set and the module 
T^'* := Homo (T^,C) is endowed with the natural left G-action and hence spans a 
left i?[G]-module of character ip. 
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For any subgroup J of G we write M'^, resp. A/j, for the maximal submodule, 
rasp, quotient, of M upon which J acts triviaUy. In particular we obtain a left, 
resp. right, exact functor M h^. A'P'"^ , resp. M i-^ M^^^ from the category of 
left G- modules to the category of O-modules by setting M^^'^ := M-' [■)/)] and 
:= 1VP[iI)\g = <»z[G] By replacing by Zp ® we extend the notation 
M^''^ and to Zp[G]-modules M in the obvious way. We will often use the 
fact that the action of J^gecd Af^[-i/;] induces a homomorphism of O-modules 
P{M, tp) ■ M^^ — >■ M^'"^ that has finite kernel and finite cokernel. 

The module E[G] ® M has two commuting left actions of G: the first via left 
multiplication on E[G] and the second such that each g in G sends x (E) m to 
xg~^ ® g{m) for x in E[G] and m in M. We write {E[G] M)^'"^ for the subset 
of E[G] (E) M comprising elements that are invariant under the second action of G 
and use the first action of G on E[G] (g) M to regard {E[G] (g) M)^-'^ as an E[G]- 
module. If M is finitely generated and torsion-free, then we always regard M^-'^ as 
an O-submodule of O (g) M by means of the identification described in the following 
result. 

Lemma 3.6. 

(i) The E-linear map E[G] ® M — 7> E (E M that sends g ® m to g{m) for 
each g in G and m in M restricts to give an isomorphism of E[G]-modules 
L : {E[G] (g) M)<3'2 g^E(8)M. 

(ii) Assume now that M is finitely generated and torsion-free and for each char- 
acter tp = , with 7 € r, set pr^ := J2g<£G^^9^9 ^ ^['-']- Then one has 
pr^iO (g) M) C EjCf i(MJ''^) C O (g M. 

Proof. Since E[G]E)M is uniquely divisible it is cohomologically trivial with respect 
to any action of G. The submodule (i?[G] (g M)^-"^ is thus equal to the i5-linear 
span of elements of the form (X^gec g){x(Em) — X^geG •'^9~^ ®g{m) with x in E[G] 
and m in M . Using this fact it is straightforward to check that the map l is an 
isomorphism of i?[G] -modules, as required to prove claim (i). 

We next set n := V'(l) and note that pr^ = n~^|G|e^. Then the first inclusion 
in claim (ii) is true because for each to in M one has 

n-pr^(lg)m) = |G|e^(lg)m) = |G|^/^(l(gm) 

j—n j—n 

j=i sec j=i 

To prove the second claimed inclusion it suffices to show l{M^''^) C n{0 (E) M) 
for each index j. To do this we set TV := O g) M and N* := YLom.o[G]{N,0[G\). 
Then, as is finitely generated and torsion-free, one has N = {x € E ®o N : 
9{x) G 0[G] for all 9 £ N*}. Thus it suffices to show that 6'(M^''^) C nO[G] for 
all 6 N*. But e{M^''^) C Z[GY--^ and, since Z[G] is cohomologically trivial and 
Z[G]^^ = T^, one has ZIGY^"^ = iin{P {Z[G],ip)) = \G\T^. Thus it suSices to note 
that \G\tI = \G\flm^ C \G\e^m^ C nO[G], where the latter inclusion follows 
from Jacobinski's description in [351 of the central conductor of 9Jt^ in 0[G] (see 
also [m Th. (27.13)]). ' □ 
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For any G-module, resp. O-module, M we write A/tf for the image of M in 
Q (g) M, resp. E ®o M. We often identify Mtf with the quotient M/Mtor in the 
natural way. If M is a G-module, then for each m in M we write f^^{m) for the 
image of «)z[g] to e in . 

3.3. In this subsection we recall the modified Lichtenbaum- Gross Conjecture of 
Chinburg, Kolster, Pappas and Snaith. Since we regard F/k as fixed we set Cr '■= 
Ki-2r{F) and also recall the G x Gc/R-modules that are defined in the proof 
of Lemma l2.8l We note, in particular, that the non-degeneracy of the pairing (|2.9p 
combines with the natural isomorphism of G x Gc/B-modules Homz(-B-r,2) — Br 
to imply that the map ^^^-^^ ^^Si-r a induces a canonical isomorphism of R[G]- 
modules 

Reg^ ■.R(g>Cr ^R(g>Br'''^. 
The bijectivity of Reg,, then combines with Deuring's Theorem (cf. [lb] §6, Exer. 
6]) to imply the existence of an (in general non-canonical) isomorphism of Q[G]- 
modules 4> : Q<S^ Br^^'^ ^ Cr - For any such 0, any index j and any character 
ip — X'^ ^ with 7 G r, we set 

RfiiP) := detc[(C Reg,) o (C (8>q <f>) \ (C (g>E V^) (»z[g] Bf""'] G C^^ . 

(This element doesn't depend on j because each _E[G]-module has the same 
character ip.) 

We now fix a finite set S of places of k that contains Soo and all places that 
ramify in F/k. Then the 'modified Lichtenbaum-Gross Conjecture' predicts an 
explicit Euler characteristic formula for the O-module generated by L*g{r, iij)/Rf{ip) 
where L*g (r, ip) is the leading non-zero coefficient in the Taylor expansion at s = r 
of the function Ls{s,'ip). Before stating this conjecture we must recall a useful 
auxiliary result. In this result we set Z' := Z[i] and for each odd prime £ we write 

ch^^i_, : (g) Ki-2riOF,s) Hl^{Spec{OF,s[l])i^e{'^ - r)) for the Chern class 
homomorphism constructed by Soule [31 and Dwyer and Fricdlander [1^. We also 
set Trc/R := l + re Z[Gc/r]. 

Lemma 3.7. There exist finitely generated G-modules Xr and Yr which possess all 
of the following properties. 

(i) Xr,ti C Cr.ti andYr,t[ = Trc/R(_Br) ^ b'^^'^' and both U ®Xr,tf — Z'cgGr.tf 

and U ®Yr.tf = 1.' ^B?""^. 

(ii) For each prime t there is an isomorphism of 'Zi[G]-modules of the form 
TLi^Xr = i/|^^(Spec(C'i;'_s[j]), ^^(l— r)). If I is odd the induced isomorphism 
Zi^Xr,ti = 1e(g>Ki_2riOF.s)ti ^ i/jt (Spec(Oi.,5 [i] ) , Zf (1 - r))tf coincides 
with that induced by ch] i_r. 

(iii) Xr,tor = ^il-r{F) and Yr,tor = ® g Hl{Spec{0 fAj]) , M'^ - r)) where £ 
runs over all primes. 

(iv) If the Quillen- Lichtenbaum Conjecture is valid for F and r, then one has 
U ®Xr ® Cr and Z' ® F^.tor = Z' (g) K^2t{Of,s)- 

Proof. All claims in Lemma 13.71 except for the equality IV.tf = Trc/R (i?^) fol- 
low directly from the constructions of |8l §11.1] (where Xr and Yr correspond 
to the modules iV^g and N'r ^ respectively). Since for every odd prime p one has 

1p®Yr^ti = (Z'(8)y^,tf) = Zp(8)z' {II ®B^''"'-) = Zp(g)Br''" = Zp® Trc/R (-B^ 
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it therefore suffices to prove that 'Z2<E)Yr,tf = Z2i8)Trc/R(i3r). To show this we recall 
the construction of Yr uses an isomorphism of Z2[G]-modules Z2 ® i^r — H^i^'r) 

with C'^r ■= R^ou\'^^{RTc,ct{'^F,s[^]^'^2{T))^'^2[—'A) where the subscript 'c' de- 
notes cohomology with compact support, whilst from the long exact cohomology 
sequences associated to the commutative diagram of exact triangles given in [TUl 
(114)] (with p = 2 and r replaced by 1 — r) one obtains an exact commutative 
diagram of Z2[G]-modules of the form 




®^\o.HUF^.'L2[l~r)) = 0^|^i7j^(^^^,Z2(l-r)) 



0. 

Here w runs over all archimedean places of F and each term i7P^(_Fu,, Z2(— r)) arises 
from the explicit description of the complex i?rA (f'u) 7 ^2 (''))* [~3] that is given in 
[IDi p. 1391]. Now Z2(l — r)) is isomorphic to Z2/2Z2 if w is real and r is 

even and vanishes in all other cases. Thus, since the homomorphism 6 in the above 
diagram is known to respect the direct sum decompositions of its source and target 
(see the proof of ]10, Lem. 18]), the diagram induces an isomorphism 

H\Cl,)ti = 02ijP,(F^,,Z2(-r)) ® 0i/o (F^„Z2(-r)) 

w' w 

where w' , resp. w, runs over all real, resp. complex, places of F. Finally we note 
that each choice of a topological generator of Z2(— r) gives a natural isomorphism 
of the last displayed direct sum module with Z2 (8) Trc/i{(i3r). □ 

The isomorphism Reg^ combines with the two equalities Yr^ti = Trc/R(i?r) and 
Q (g) Xr = Q(E) Cr coming from Lemma 13. 7( 11 to imply the existence of homomor- 
phisms of G-modules 

A ! Yj- — y 

that have both finite kernel and finite cokernel. In particular, for each such A, the 
induced map Q (g) X : Q (g) b'^^^'" ^ Q (g) Yr ^ Q Xr ^ Q <E) Cr is bijective and 
so for each character ip = with 7 e F, we may set Rr{ip) '■= R^'^^{ip)- For 
each integer j with 1 < j < x(l) we then consider the composite homomorphism 
of O-modules 

We write ¥\io{M) for the Fitting ideal of a finitely generated O-module M (so 
in particular Fitci(il/) C O) and if f : M M' is a homomorphism of finitely 
generated O-modules that has both finite kernel and finite cokernel we define a 
fractional O-ideal by setting q{f) := Fito(cok(/))Fitci(ker(/))-i. 

Conjecture 3.8. (The 'modified Lichtenbaum- Gross Conjecture') Let S be any 
finite set of places of k that contains Sao o,nd all places that ramify in F/k. Then 
for every homomorphism X and index j as above one has 
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for all a G Aut(C) and also 

for all 7 G r. 
Remark 3.11. 

(i) After taking account of the isomorphism (13.51) . the equahty (|3.9I) coincides 
with the central conjecture of Gross in [35] (which is often referred to as the 'Gross- 
Stark Conjecture'). The equaUty (|3.10p was first exphcitly formulated by Chinburg, 
Kolster, Pappas and Snaith in QA^ Conj. 6.12] (where it is referred to as a 'modified 
Lichtenbaum- Gross Conjecture'). The notation of loc. cit. is however different from 
that used here and the necessary translation is described in 'F, §11.3]. 

(ii) The 'equivariant Tamagawa number' Ti}{h'^{Spec{F)){r),Z[G]) that is de- 
fined (unconditionally) by Flach and the first author in [TTl Conj. 4(iii)] is an ele- 
ment of the relative algebraic i^- group Ko{'Z[G],M.[G]) and the relevant case of the 
equivariant Tamagawa number conjecture predicts that TQ{h°{Spec{F)){r),Z[G]) 
vanishes. In [5J §11.1] it is shown that Conjecture 13.81 is valid if and only if 
Tn{h'^{Spec{F)){r),'Z[G]) belongs to the kernel of a natural homomorphism pi : 
Kq{'Z,[G],R[G]) — Kq{0,C). When combined with the good functorial properties 
of Tr2(/i°(Spec(F))(r), Z[G]) under change of extension F/k (that are proved in 
[TTl Prop. 4.1b)]), this observation implies that the validity of Conjecture 13.81 is 
unchanged if one replaces F by any subfield F' of F that is Galois over k and such 
that X factors through the projection G ^ Gp'/k- 

3.4. We now reinterpret the conjectural equality (I3.10p . To do this we set := 
for some fixed 7 G P and n := — x(l)- We choose an integer j with I < j < n 
and set Pr := dim£;(V"^ (g)2;[G] Br ''''^') = dim£;(y;^ (g)z[G] Yr) = d\mE{E ®o ^1^)- 
Then pr is independent of both j and 7 and the argument of Lemma 12.81 shows 
that the function Ls{s^^) vanishes to order pr at ,s = r. Now (|3.9p implies that 
the quotient L^g''\r,iJ;)/ R^{il;) belongs to E and, after unwinding the definition of 
R^{il;), this implies that there is an equality of i?-spaces 

4"-\rJ) ■ A^^^iV^ ®^G] Yr) = RegW')(Ag-(l^^" C.)), 

where Reg^'''^ : C (g) e i^S '^no] Cr) ^ C(8)_b Ag^(V"^ (8)z[g] Yr) is the isomorphism 
of C-spaces induced in the obvious way by Reg^. In the next result we show that 
p.lOP implies a natural integral refinement of this equality. 

Proposition 3.12. Assume that ^TTW "a^**^ V X- Set K := F'^'^'^^x) and 
:= x^ with 7 G P. 

(i) Then in C ^e Asi^^l ®z[G] Yr) = C (g)o Ag^F/^^ one has 

\Gr4'''\r,^)Fitoif.iMK)'''')A'oiY^,^)tf-F^^^^ 

(ii) For each integer a with 1 < a < pr fix Ga in Y,f and define da '■— 
Trc/R((27ri)^'"CTa) G Fr.tf- Also set S' := {cTq : 1 < a < pr} C Y^p- Then 
for every d' in ¥iio{iii^r{Ky'^) there exists a unique element u'l^, ^{d') of 
^'^^o{{Yl^)to.) ^"6 in-\C^r''^)ti) for which one has 

Reg(^)(4,_^(d')) = d'{n-^\G\)P^Lf\r,^,)A'Z{^fl^{aa). 
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Proof. We set p :— pr- To derive the equality of claim (i) from the equality p.lOp 
in Coniecture l3.8l we note that 



Flto((X;! ,)tor) 



Flto^^Xii'^^jtor) 



The first equality here follows immediately from p.lOp , the second from the defini- 
tion of Rr{ip) and the fourth from the equality ^) — q{P {Xr , ■ip))q{X-'^) which is 
a consequence of the kernel-cokernel sequence of the composite — P {Xr, V') oA:^. 
In addition, the third and fifth displayed equalities follow by applying Lemma [3. 131 
below with / equal to A:J, : Y^.^ X^. ,^ and P{Xr,i->) : X^ .^ X}-'^ respectively. 

To deduce the equality of claim (i) from the above displayed formula it only re- 
mains to show that (XJ''^)tor = Pl-riKy-'"^. But (XJ''^)tor := (T^ ® Xr)g, = 

(T^ ® Xr-.tor)^ = (T^ ® X^foi")^ (^r^toD^''^ whcrc the second and third 
equalities follow from the fact that is torsion-free and, in the latter case, that 
Gp/K = ker('!/)) acts trivially on T^. The required equality is therefore true because 
Lemma [SJliii) implies X^^^^'' = pLi^r{F)^ " "< := i?"(G'Qc/^, Q/Z(l - r))^''/'< = 

To prove claim (ii) we note that the element A°Z^/^ ((Ta) belongs to ^o^^rip)^^- 
The existence of an element u{., ^{d') of Fito((y/^)tor) {n~^{Xl''^)ti) which 
satisfies the displayed equality in claim (ii) therefore follows directly from claim (i) . 
It thus suffices to note that Lemma [3771 1) implies {X-j.'^)tf C {Cl^^)tf and that the 
uniqueness of u^,, ^{d!) follows from the injectivity of Reg^'^"-'. □ 



Lemma 3.13. /// : M ^ N is any homomorphism of finitely generated O -modules 
that has both finite kernel and finite cokernel, then there is an equality of O -lattices 

aUE ®a /)(A^Af«) = g(/)|gi^A^iV« 

with d := dim_E(£; (g>o M). 



Proof. We consider the following exact commutative diagram 
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ker(/t< 



ker(/) 



> Aftor 











M 
f 

N 



Nt{ 



^ 







-> Cok(/tor) 



-> cok(/) 



C0k(/tf) 



^ 0. 



Here /tor and ftf denote the homomorphisms that are induced by the given map 
/; the equahty ker(/tor) = ker(/) and the injectivity of ftf both foUow from the 
assumption that ker(/) is finite and the exactness of the bottom row then foUows 
from the Snake lemma. Now Mn, and hence also iVtt since cok(/tf) is finite, is a 
projective O-module of rank d and so the definition of Fite)(cok(/tf)) implies that 
A%{E (K)o /)(A^Aftf) = Fitc)(cok(/tf)) • A'^Ntf. On the other hand, the exactness 
of the bottom row and left hand column of the above diagram combines with the 
multiplicativity of Fitting ideals on exact sequences of finite O-modules and the 
definition of q{f ) to imply that Fitc](cok(/tf)) = Fitci(cok(/))Fitc)(cok(/tor))^^ — 
(7(/)Fito(ker(/))Fito(cok(/tor))-^ = (7(/)Fito(A/tor)Fito(iVtor)-^ The claimed 
equality is thus clear. □ 



3.5. We now prove Theorem 13.11 To do this we set n := x(l), ip ■= with 
7 e r and pr^ := n^^\G\e^ = J2geG'^i9)9 € 0[G] and note that Y.'jli flp is 
a decomposition of as a sum of indecomposable idempotents in i?[G]. We set 
X ■- F^^'ix) ^ F^erii,) g^j^j ^/ _ wi-r{Ky\ For the given embedding a we also 
set a :— Trc/j{((27ri)~'"(T) (so a G Kr.tf by Lemma l3.7r i)) and then for each index j 
as above we define 



(3J4) 



We may assume that Pr — 1 since if > 1, then L'g{r, x^) = for all (5 e F and 
so Conjecture [12] is obviously valid. Then, since p,. = 1 one has L*g{r, i/)) — L'g{r, tp) 
and so, as /^(o') is a non-zero element of the dimension one i?-space E Y^^, 
the definition of Rr{ip) implies that 

Reg(^)(6,(V,j)) - d'n-^\G\L's{r,i>) ■ f^{a). 

Now the finite group p,i^r{K) is cyclic and so the (finite) O-module ^i-r{Ky'^ C 
T^®lii-r{K) is both annihilated by wi-r[K) and generated by (at most) rko(T^) = 
n elements. It follows in particular that d' belongs to ¥\io{pi~-r{Ky'^) and so the 
last displayed formula implies that eaiip,]) is equal to the element ^{d') of 

n~^Fito{{Y^ ^)tor){C-i.'^)tf that occurs in Proposition 13. 12( 11) . Lemma 15^ 11) thus 
implies that 



(3.15) 



e.(V',j)eFito((y/;^)tor) 



a tf c o a 



,tf • 
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The element eaiij, S) := X]j=i ^<r{'^:j) therefore belongs to O (g) Cr,tf and satisfies 
the equality 



(3.16) 



(2^^r5]d'r^-l|G|L^(r,^).4(a) 
{2mYd'L'g{rJ)-pT^{a) 



g&G g£G 



Now the assumed validity of (I3.9P combines with (I3.14p to imply that for all 
a G Aut(C) and all j one has 



(3.17) e.(x",.):=ffl^^Ai.(/^(a)) 

'd'\G\ L's{r,x) 



mm)] -:e.(x,jr 



(where in the last two terms we use the natural semi-linear action of Aut(C) on the 
space C ®o C^''^ C 4C[G] ® Cr) and hence also e^(V', S) = e^ix, . Given this 
equality, it is now straightforward to check, by unwinding the definition of Reg^, 
that p.l6p implies that for all cr' in the image of eo-(x, under (27ri)''reg]^_^ 
is equal to the right hand side of (11.31) . To verify Coniecture ll.21 and hence complete 
the proof of Theorem 13. If i). it thus suffices to define e(j(x, S) to be any pre-image 
of ecr(x, S) under the natural map O ® Cr ^ O ® CrM- 

The containment Tri(eo.(X) "S)) S Ki^2r{F) in Theorem I3.1f ii) follows directly 
from claim (i) and the result of Proposition I2.2r i) with d — 1. To prove the rest 
of claim (n) we set e(x) Icr{XiS). We also note that for each prime ideal p 
of O the isomorphism class of the Op-module Op ®o ^r,x-< independent of the 
choice of index j and hence that Fitc)((l^-'^T )tor) = Fito((l^-^^^)tor) for all j. From 
the containment (I3.15P and equalities (I3.17P we therefore know that both e(x)''' 
belongs to Fitci((i^^^-T)tor) "^i Cr,tt and that e{x'^) = e{xVe^i and so for every (j) 
in HomG(Cr,Z[G']) C Ylom.E[G]{E ® Cr,tf,E[G]) the element ^(e(x)'') belongs to 
Fito((l"4-,)tor) • 0[G]e^-, . Now Lemma[3Ji;i) implies that Z' (g YrM = (g) B?""^ 
is a projective Z'[G]-module so that Z' (g) {Y^^^.^)to-c identifies with Z' ® (l^,tor)^-v 
and hence that ^(e(x)'') € Z' (g Viio{{Yr,tor:Yx-,) ■ 0[G]ex^. By applying O Lem. 
11.1.2(i)] we can therefore deduce that the element x{^)~^\G\^<j)^{xV) belongs to 
Z' (g) Annz[(5](yr,tor)- The displayed containment in Theorem I3.1f ii) thus follows 
directly from the equality (f){lT:i{ea{Xj S))) = X]7er ^^ixV) and the description of 
Yr.tot given in Lemma l3.7f iii). This completes our proof of Theorem 13. II 



4. On AND THE REGULATOR 

In preparation for describing some numerical evidence for Conjecture [L2] we now 
make precise the relation between a version of the (second) Bloch group and 
of a field, and, if the field is a number field, the Beilinson regulator map. This 
result may itself be of some independent interest and so, in order to keep open the 
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possibility of extending it to higher Bloch groups, we have used the approach of |16j 
rather than the potentially more precise result of [32l Th. 5.2]. 

Let F be a field, and let K3{F)™'^ be the quotient of K3{F) by the image of the 
Milnor if-group K^'\F). We recall that if F is a number field of signature [ri, 
then K^''{F) = (Z/2Z)''i by 1, Th. 2.1(3)] so Ks{F)'^^^ = Kz{F)ti naturally, and 
this is a free Abelian group of rank r2 by Remark 12. lOf iii) . Finally, we set 

(this does not coincide with the usual exterior power A^F^ because of the negative 
sign in the denominator) and then write 62, f for the homomorphism from the free 
Abelian group Z[F^] on F^ to A F^ that is given by mapping a generator {x} 
with X in F^ to (1 — x)A x it x ^ 1 and to if x = 1. 

In the next proposition we refine various results in |16i §2-§5]. Here we write 
D{z) for the Bloch- Wigner dilogarithm C \ {0} -J> K(l) that is defined in [5] by 
integrating the function log |w|diarg(l ~ w) — log |1 — w|diarg(w) along any path 
from a point zq S M \ {0, 1} to z (for z ~ 1 one uses a limit). 

Theorem 4.1. 

(i) With notation as above, there is a homomorphism 

:ker(,52,F)^i^3(J^)if , 

which is natural up to sign. 

(ii) If F is a number field, then Lpp has finite cokernel. 

(iii) Moreover, there is a universal choice of sign, such that if F is any number 
field, and a any embedding F ^ <C, then the composition 

keriS^.p) ^ i^3(F)if = K3iF),f A X3(C)tf '"4' E(l) 
is induced by mapping {x} to D{a{x)). 

Proof. At the outset we note that our set-up is essentially that of [3] with the 
various modifications and improvements contained in [4] and |16j (but which are 
sometimes carried out only after tensoring with Q). In particular, the reader may 
observe that the construction of the element [x]'2 and the map to K^i^Fy^'^ described 
below become those in [16l §3] after tensoring with Q and decomposing according 
to the Adams eigenspaces. 

For any Noetherian regular ring R we let Xfi — \ {t — 1}, where t is the 
standard affine coordinate on Pj^. Then there is a long exact sequence of relative 
if-groups (terminating with Kq{D)), 

> K^{Xr- □) ^ Kn{Xu) ^ i^„(n) ^ K,,^i{Xr- □) ^ • • • 

where □ consists of the subset of Xr where i = 0, 00, i.e., two copies of Spec(i?). 
Since the pullback Kn{R) — >■ Kn{Xfi) along the natural map is an isomorphism (by 
Quillen |28l p. 122]) and therefore the composition Kn{R) — >■ KniXn) — >■ i^n(n) — 
Kn{R) ® Kn{R) is the diagonal map, we find an isomorphism 

(4.2) Kn{XR-U)'^K,,+i{R) 

for n > 0, with a map that is natural up to a universal sign. 

We can combine localization with relativity under suitable assumptions (see |16[ 
§2.2]). In particular, if we take R = Z[5', 5*^^], then we have the exact sequence 
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(terminating with a map Ko{Xji; □) — > 0) 

> K2{Xr- □) ^ K2{Xr \ {t = 5}; □) ^ Ki{B!) ^ K^{Xr- □) ^ • • • 

with i?' = Z[5, 5-1,(1 - S*)-!]. Then Ki{R') = (-l,^, 1 - 5), and using [H 
Lem. 3.14] one sees that the map Ki{R') Ki{XR;n) = K2{R) maps (1 - S) 
to ±{1 — S,S} = 0, so there exists an element [5]^ in K2{Xr \ {t = S}; □) with 
image (1 - S)-^ in Ki{Z[S,S-\{l - S)-^]). Because K2(^i?;n) = KsiR) ^ 
K^{1j) © i^2(Z) is torsion of exponent 48 (by Lee and Szczarba [53]) the element 
[S]2 is unique up to such torsion. We fix a choice of [S'jj' in what follows. 

For the field F, write = F\{0, 1} as weU as Xf,\oc = XpMt = u with u in F''}. 
By comparing the exact localization sequence 

(4.3) • • • ^ k^{Xf\ □) ^ i^i(Xf.ioc; □) ^ II ^ ^ ^o(^f; □) ^ • • • 

with the same one without relativity one sees as on (TBI p. 222] that 

{I + IY ■■= K^{Xf.ioc; □) = {f{t) = nti (lE^)"' with /(O) = /(oo) = l} 
where n > 0, all are in Z, and all are in F^ . Tensoring the short exact sequence 
^ (1 + /)'' ^ II Z ^ ^ 0, 

which is part of (14. 3p . with F'^ over Z, we obtain the top row of the diagram 



0^ Torf(F><,F><) ^ (l + /)>< (8)F>< ^ U^eF^ ^ F"" ^ F"" 

1 1 II 1 

The bottom row is also obtained from (|4.3p . using [16, Lem. 3.14] and the fact 
that K2{F) is generated by symbols {a, 6} — a^Jh. The second and last vertical 
maps are induced by the cup product, thus giving rise to the first vertical map 
which makes the diagram commutes. 

Using [TBI Lem. 3.14] yet again one sees that the image of UueF* K2{F) 
K2{Xf; □) under the isomorphism K2{Xf; □) ^ K^iF) in (|4.2I) equals the image of 
Ki^{F) under the natural map to K^iF). So with X3(F)'"'i = K3iF)/im{K^'' {F)) 
and A the image of TorJ(F^ , F^) we obtain an exact sequence 

^ K.iFr^'^/A . f(f^T>^''fL, 4 FX FX -> K2{F) ^ , 
im((l + i )x (g) ) 

which gives an isomorphism ker((i) = i^3(F)'"'^/A. 

For X in F^, let [xjj" be the image of a;*([5]J') € K2{Xf \ = a;};^) under 
the localization K2{Xf \ {t = a;};^) — > i4r2(Xi?.ioc; □)■ Note that the boundary 
of [x\2 under dT' is (1 — x)'^^^^ if x 7^ 1 and is trivial if a; = 1. Write [x\2 for the 
image of [x\2 in K2{Xf,\oc] □)/im((l + lY ® F^), let -B2(F) be the subgroup of 
K2iXF,\oc; □)/im((l + /)x (g) F^) generated by the [x]2 with a; in F^, and let d2 
be the restriction of d to B2 (F) . We then have an inclusion 

(4.4) kei{d2)^ KsiFr'^/A. 
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Now let J\f be the subgroup of B2{F) generated by the classes of [x\2 + [^/x\2 
with a; in i^^ . Then we have a commutative diagram 



B2{F) — ® F>< . 

Next we note that d2{Af) = {{-x)(E)x : x € F^) C (g)F^ so (g) F^/dslA/") = 
A , and hence by taking quotients we get a short exact sequence 

(4.5) ker(d2|AA) ker(d2) ^ ker(4) ^ 

where, setting B'2{F) :— B2{F)/J\f, we write 

4 : B',{F) ^ a'f>< 

for the induced map. Writing [x]'2 for the image of [x]2 in B2{F) we have that ^2 
maps [x]'2 to (1 — a;)~^A x if a; ^ 1 and to if a; = 1. 

We know from [TBJ Lem. 3.7] that ker((i2|7v) is torsion, so combining (|4.5p with 
the map (j4.4l) and using that A is torsion, we obtain a map 

ker(4) if3(F)if 

with torsion kernel. We note that this map is independent of the choice of [S]2 , 
which was unique up to torsion. The map (fp in Theorem l4.1f i') is now induced by 
mapping {x} in ker(52,F) Q to [x]^ in ker(d'2) C B^(F). 

If F C C then [TBI Prop. 4.1] describes the composition of the maps in kei{d2) — 
KaiF)'^'^ ^3(<C)i?'^ with those in (HI]) for r = -1, namely 

K3{C)lf ^ i7i,(Spec(C),M(2)) ^ M(l) . 

That proposition states that the total map is induced by a map B'2{F) — > 
mapping [z]2 to ±D{z), with the (universal) sign depending on the choice of the 
sign in the isomorphism (j4.2l) . (Note that in loc. cit. this was expressed using the 
function P2(z) = D{z)/i.) Claim (iii) of the proposition then follows because the 
construction of B2{F) and the map Lpp is natural, so that 

ker(52,F) B'2{F) K^iF)^" 



ker(<52,c) S^(C) ^ if3(C)if 

commutes, where the vertical maps are induced by the embedding cr : F — ^ C. 
Finally, claim (ii) of the proposition follows from the facts that, as F is a number 
field, after tensoring with Q, Lpp induces an isomorphism (by [16, Th. 5.3]) and 
K^{F)tf is finitely generated (by Quillen [29,). □ 

5. Numerical evidence 

In this section we provide corroborating numerical evidence for Conjecture 1 1 . 21 in 
the case that r = — 1, fc = Q and 5 = Soo (so that Theorem l3 . 1 I does not apply). For 
other interesting numerical work that is related to Conjecture 1 1 . 21 but uses elements 
in the if-group tensored with the rationals see the articles of Besser, Buckingham, 
Roblot and the second author [21 §7] and of Zagier and the third author [36l §5]. 
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In the sequel we will use the symbol ' = ' to indicate a numerical identity that 
we have checked to hold to many (and in all cases at least one hundred) decimal 
places. 

We shall give examples of Galois extensions F/Q with an embedding a : F ^ C, 
and an irreducible complex character x oi Gp/Q with x(l) ~ x{'''u) = 2, so that 
L{s, x) vanishes to order one at s = — 1 by Remark [T31 cj^ — 2 and T,p^'^ = Sf- 
Let Q(x) C C be the character field of x with ring of integers O. In each case, we 
found elements ^ in ker((52,F) and used the resulting fpiO '^^ ^^{F)^ to construct 
an element /3 of 0(E)Kz{F)tf that satisfies ecr,^/? = /3, as well as, for all 7 in Gq(^)/q, 

(2«)-ireg2^^(/3^)=7(e)L'(~l,x'^) 

for some e in E"" . Using Remark[23l]it is easy to check that W2(F''"(x)) ^ 24 in all 
of our examples. In each case we can write e/ — ^w^i{x) = 2 • 24-^*^^^ for some / 
in O, so that I3cr{x, Soo) — f P satisfies the requirements of Proposition 12 .6f ii) . thus 
verifying Conjecture 11.21 for x and a. In fact, in view of Lemma 12.41 this verifies 
Conjecture II .21 for all characters in {x'' : 7 G F} and for all cr in Sf- 

We used Theorem I4.1f iii) and GP-PARI [35] in order to compute reg2 cr(/5''), 
and the latest version of MAGMA [B] for the computation of L'(— l,x''') (but for 
our original experiments some of these values were provided by A. Booker and X.- 
F. Roblot). 

The elements in ker((52,F) were found, using GP-PARI, roughly as follows. Let T 
be a finite set of places of Q including the archimedean place. Then, in a first step, 
we produce exceptional T-units Xj £ C'ft (recall that Xj is said to be 'exceptional' 
if also 1 — Xj € O^rp)^ and we decompose both Xj and 1 — Xj with respect to a 
chosen set B of fundamental T-units (as provided by GP-PARI). The second step is 
then to look for linear relations among the elements (1 — a;j ) A Xj of {B) , the latter 
constituting a finite rank submodule of 7?F^. (For more details on the underlying 
algorithm and implementation, we refer to work in preparation [21] and to the 
third author's personal web page.) A theorem of Bloch and Suslin, combined with 
the explicit formula for the rank of if-groups given in Remark 12 . lOf iii) . guarantees 
that, for sufficiently large T, there are Z- linear combinations ^ of elements {xj} as 
above with ^ S ker(52,F) such that the <^f(C) generate a subgroup of finite index 
in K:i{F)ti (cf. Theorem E]). 

For each natural number m we now set C,m ■= exp(27ri/m) and rjm ■= Cm + Cn^- 

5.1. Dihedral representations. Let F be a Galois extension of Q with Gf/q 
isomorphic to the dihedral group D„ for an odd integer n. If F is not totally 
real, then the element in Conjecture 11.21 has order 2 and so for any irreducible 
2-dimensional character x of G one has x(l) ^ x(''"cr) = 2. 

5.1.1. Let F — Q{a) denote the totally complex field of discriminant —47^ that is 
the splitting field over Q of the irreducible polynomial — 5x^ + 12a;® — ISx"^ + 
20x^ - ISx'^ + lOx'^ - x^ - 2x'^ + X + 1 in Q[x], of which a is a root. This field is 
such that G = Gf/q — i*,"; is generated by an element s of order 5 with s(a) — 
i(3a^ - 12a® + 25a'^ - 340^ + 38a^ - 33a* + Wa^ - Ta^ + 2a + 3) and an element 
t of order 2 with <(a) = 1 — a. The irreducible 2-dimensional characters of Gf/q 
take values in Q(?75) = ^(v^), and form an orbit {XI1X2} under the action of 
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r := Gq(V5)/Q^ ^here x,(s) = C| + C5 ' for j e {1, 2}. MAGMA gives 

L'(-l, = - 1.2094 . . . , L'{-1, X2) = - 0.91109 .... 

The elements u := ^(-a^ + Sa"^ - Sa^ + 6a^ - 9a^ + Ta^ - 2a'^ + 4a + 3) and u' = 
— (1 — /u are exceptional units in Op and we found that ^ := 2({u} + {u'}) lies in 
ker((52,F)- We fix a with cr(a) = 1.367 . . . + 0.197 . . . • i, and let /3 = lQe„^^^Lpp{C) = 
I]geG^i(.9)(l - T„)gfF{0 in O «> iv:3(F)tf, so that e^^^i/^ = Z^- We then find, for 
both 7 in r, that 

(5.1) (2^*)-ireg2^,(/3^) = l{e)L\^l, xj) 

for e = Vs in E'^ , so that e does not divide o.w_i(xi) = 2 • 24^ in O. We find a 
different /3 as follows. If g in G has Xi{g) ^ 0, then (xi(g) — 2)/(?75 — 2) is in O, so we 
can write Se^^ = (775 — 2)2 + 22' with z and z' = J2lZo in 0(0]. If /3' is in /ir3(F)tf, 
then (1 + t)z/3' is in O (g) i4:3(F)tf and (775 - 2)(1 + t)z/3' = 5e^,il + t)f3' because 
(1 + t)z'l3' lies in K3{F)ff = {0}. Hence /3 = (1 - r^)(l + t)z</?F(0 in O » K3{F)t{ 
also satisfies ea.xiP = For this choice of fi we find (|5.H) is satisfied for both 7 
with e = -2 - ^/t, so we may take /3^(xi, 5*00) = //^ with / = (4 - 2^/5)242 in O. 

5.1.2. Now let F = Q(a) denote the totally complex field of discriminant —71^ 
that is the splitting field over Q of the irreducible polynomial x^^ — 4x^^ — a;^^ + 
5x1° _j_ g^9 _|_ j^g^jS + 25x'^ + IQx^ + 6a;^ + 5a;^ - a:^ - 4a:^ + 1 in Q[a;], of which a is a 
root. This field is such that G = G^/q = is generated by an element s of order 7 
with s(a) = j^(1685ai3 - 3430^2 - 6831a" - 12ai° + 86610^ + 78150^ + 25608a^ + 
361710^ + 17365a5 + QblQa'^ + 65310^ - 42190^ - 5336a + 1683) and an element t 
of order 2 with t{a) — a^^ . The irreducible 2-dimensional characters of G^/q take 
values in Q(r/7), where Tjj + r]'^ — 2r]f — 1 = 0, and form an orbit {xi, X2, Xa} under 
the action of T := Gq(^^)/q, where Xjis) = Cy + (7^ for j & {1,2,3}. MAGMA 
gives 

i'(-l, xi) - - 2.6049 . . . , L'(-l, X2) = - 2.1887 . . . , i'(-l, xs) = - 1-5689 .... 

Just as in ijS.l.ll we found an element ^ — '^j^ j nj{xj} in ker((52.F) (with | J| = 14, 
all Xj exceptional units in Of, one coefficient rij equal to —4 and all thirteen others 
equal to ±2). We fix a with a{a) = 0.450 . . .+0.163 . . .-i and let /3 = Ue^^^.ifpiO = 
EgeG Xi(3)(l - T„)gifF{(,) in O «) K3{F)tf, so that e^^^^l3 = /3. We then find, for 
all three 7 in F, that 

(5.2) {2mrheg,jn^^{e)L'{-l,xD 

for e = 2ry7 — r/7 + 1 in i?^ , which has norm 49, so that again e does not divide 
cj^w_i(xi) = 2 • 24^ in O. To find a more suitable element we write Te^i = 
{rjj — 2)z + 2z' with z and z' = J2iZo^^ in C>[G], and one sees as before that 
^ = (1 - T„){1 + t)zipFiO in O «) K3{F)t{ is fixed by e^ai- For this ^ we find 
that ()5.2p is satisfied for all three 7 with e = — 37^1 — 3777 — 1, which has norm —13. 
We may then take 

/3 = ((-3777 - 377?)14e,.xi + (2 - 3772)(1 - t,)(1 + t)z) (^f(0 , 

which also satisfies e^.xiP — P, and for which (|5.2I) holds for all three 7 with e = 1, 
and/3,, (xi, 5*00) = 2-242/3. 



22 



DAVID BURNS, ROB DE JEU, AND HERBERT GANGL 



5.2. A tetrahedral representation. Let F denote the Galois elosure of the field 
F' = Q{9) with 9'^ = \ — 6. Then F has discriminant 283^^ and G^/q is isomorphic 
to the symmetric group ^4. In fact, since the polynomial a;^ + 2; — 1 has precisely 
two real roots, under the natural identification of Gp/Q with ^4 the element 
corresponds to a transposition. For the (rational valued, 3-dimensional) tetrahedral 
character xz oi Gp/q one therefore has X3(l) — X3('''<t) = 2. In this case MAGMA 
gives IjXa) = 0.62475... . Note that the tetrahedral representation occurs 
with multiplicity one inside Q (g) K'i{F) by Lemma [2.81 and that it has a unique 
one-dimensional Gj^/i?/ -invariant subspace V. Because K'i{F')ti has rank 1 and 

G / 

is of finite index in K^{F)^^'''^ , both groups lie in V and e^j acts on them as 
the identity. This applies, in particular, to (Pf{{9}) = Lppi{{9}). If a is in Yip 
then we let /3 = (1 — Tcr)Lpp{{9}) in K:i{F)ti, so that eo-^^s/^ = P and regj = 
2Yeg2^„{ipp{{9})). For any a with a{9) = 0.248 . . . + 1.033 . . . • i we find 

(2^*)-ireg2,<,(/3) = ii'(-l,X3), 
so we can take 6*00) = 4 • 2A^(3. 

Remark 5.3. In this case there is another rational valued, 3-dimensional character 
X3 of Gp/Q that is obtained by multiplying X3 by the alternating character. How- 
ever, the function L^s^x'^) vanishes to order 2 at s = — 1 and so Goniecture 11.21 is 
trivially satisfied. In the spirit of Proposition [233 we investigated the value of the 
second derivative of L{s,x'^) at s = —1. One has L"[—l,x'^) = — 10541.7335 — 
Further, with F" denoting the fixed field of F under some element of GiT-zQ of order 
4, we found two elements ^1, ^2 of ker((^2,F") (each being a linear combination of 
about one hundred terms), together with two embeddings <ti, in such that 

(2^»)-2det((reg2,,J^;^(6))i<,_,<2) - iL"(-l,x^). 

5.3. The Tate-Buhler-Chinburg representations. As a final example we con- 
sidered one of the fields F of degree 48 over Q studied by Tate and Buhler [7] 
and Ghinburg [13, §III.A.]. This field has discriminant 7^41932 and G := Gpi^ 
is isomorphic to the amalgamated product (S'L2(F3) x Z/4Z)/(((§§), 2)), denoted 
5^2(1^3) * X/Ali. This group has precisely six irreducible two-dimensional charac- 
ters: XiiXi (corresponding to the representations denoted a and a in [13], which 
each have character field Q(j)) and X2, X2, X21 X2 (corresponding to the representa- 
tions p, p, p' and p', which each have character field Q(Ci2))- Since for any a in Yp 
the element is a non-central element of order 2, hence belongs to the conjugacy 
class ^0^3 in the character table [T31 Table I], we see that x(l) — xifa) = 2 for 
every such character x- 

We now describe F and our identification of G with 5L2(F3) * Z/4Z. Note that 
PGL2(F3) ~ 5*4 by means of its action on P^^, which also gives PS'L2(F3) ~ A/^. As 
S'L2(F3) has a unique element of order 2 one sees easily that it is generated by any 
two non-commuting elements Ai and A2 of order 3. The disjoint conjugacy classes 
of (ii) and its inverse contain all eight elements of order 3, so we can take the Ai 
in the same conjugacy class. Then S'L2(F3) * Z/4Z is generated by (Ai, 0), (A2, 0), 
and either element of order 4 in its centre, and has at most 48 automorphisms. In 
fact all 48 automorphisms can be obtained by letting PGL2(F3) act on 5L2(F3) by 
conjugation and {±1} act on Z/4Z by multiplication. We may therefore identify G 
with S'L2(F3) * Z/4Z by specifying two distinct conjugate elements 51, 52 of order 3 
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as well as a central element h of order 4, and letting them correspond to ((nT)i 0); 
((ii),0) and ((;i),T) respectively. 

We note F is the splitting field of the irreducible polynomial f{x) = x^^ — x^^ + 
4x"+a;i3+2a;i2^2x"-9xio+3a;9 + 19x8+23a;^+13x6+a;5+2a;4+3a;3+3a;2+3x+l 
in Q[x], so F = Q(a)(6) where /(a) = and 6 is a root of the factor 

_ „3 / 21430423 15 , , 27880963 \ 2 . , / 10585549 15 , , 43460997 \ 

yyx) — X y 9679918 " " " " T 4839959 '"^ T • • • "I" I, 4839959 " T ' ' ' T 9679918 J 

of /(x) in Q(a)[x]. Let a be the embedding of F with a{a) = 1.254 ... + 0.583 i 
and (7(6) = 0.849 ... - 1.939 one of the roots of g''{x) = x^ - (0.222 . . . - 

2.544 . . . • i)a;2 - (1.658 . . . - 1.108 . . . • i)x - (0.827 • • • + 0.252 . . . • i). We take distinct 
conjugate elements (71,(72 of order three with gi{a,) = a, a{gi{b)) = —0.612... + 
0.058... -i, a-(£f2(a)) = -0.612 .. .-0.058 .. .-i, (7(52(6)) = 1.254 .. .-0.583 .. .-i, and 
h the element of order four in the centre given by a{h{a)) = 0.586 ... — 0.409 . . . ■ i 
and (T{h{b)) = -0.612 ... - 0.058 ...-i. The field F is computationally difficult but 
fortunately we were able to find elements in K3{F)if by searching in kei{d2,F') C 
ker((52,F) for F' = Q(c) where a{c) = 1.472 . . . + 0.900 . . . ■ i. (This field F' 'is one 
of six conjugate subfields of degree 24 over Q, the only other subfield of this degree 
being the fixed field of the normal subgroup {1, /i^}.) 

The characters xi and xi form an orbit under the action of GQ(i)/Q- MAGMA 
gives L'(— l,xi) = — 64.577. . . + 631.991 . . . ■ i, and its complex conjugate for 
iy'(— l,Xi)- We found that, for both 7 in G'Q(i)/Q, 

(2^i)-ireg,(/3^') = 12L'(-l,x7) 

with /3 = EgeGXi(5)(l - Ta)g'PF{0 for some £, in ker((52,F'). so that e^.^i/? = ^• 
We may therefore take /3<t(xi) •S'oo) = //3 with / = 96 in O = 

The remaining characters X2,X2,X2 and X2 form an orbit under the action of 
^Q(Ci2)/Q- The corresponding i- values are I/'(—l,X2) == — 2.5823 ... + 4.4538 i 
and L {—1, X2) = — 3.1252 . . . + 4.8866 . . .■ i, as well as their complex conjugates 
i'(— 1,X2) and Z/'(— 1,X2)- Iri this case we found that, for all 7 in Gq(^j2)/q, 

with j3 = J2g(^G X2ig){^-Ta)g'PFiO for the same ^ in keT{52,F'), so that e^-.^a/^ = /3. 
We may therefore take (3a{x2, -Soo) = with / = 96 in C = ^[1^12]. 
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